CHAPTER-4 MHD CASSON VISCOUS DISSIPATIVE FLUID FLOW PAST A VERTICALLY INCLINED PLATE IN PRESENCE OF HEAT AND MASS TRANSFER: A FINITE ELEMENT TECHNIQUE

1. INTRODUCTION:
Non-Newtonian fluid theory is a part of fluid mechanics based on the continuum theory that a fluid particle may be considered as continuous in a structure. One of the non-newtonian fluids is a Pseudo plastic time independent fluid whose behaviour is that Viscosity decreases with increasing velocity gradient e.g. blood, polymer solutions, etc. Casson fluid is one of the pseudoplastic fluids that means shear thinning fluids (Casson, 1959) . At low shear rates the shear thinning fluid is more viscous than the Newtonian fluid, and at high shear rates it is less viscous. So, MHD flow with Khalid et al. (2015) investigated the influence of magnetic field on free convection flow of Casson fluid over oscillating plate inserted in permeable medium. Sharadha and Shankar (2015) studied boundary layer flow of Casson fluid over exponentially expanded sheet.
In the boundary layer, the influence of thermal radiation is relevant in many engineering problems because of its applications especially in high temperature engineering processes. The effect of heat radiation is important in controlling the quality of the final product as it affects the rate cooling. Due to the above fact, some of the authors have studied the effect of thermal radiation in their works, viz., Pal et al. (2013 ),Mukhopadhyay et al. (2011 ), Akbar et al. (2013 , Bhattacharyya and his coworkers (2013) and (2012) Therefore this work can be considered as extension of Prakash et al. (2014) . So Novelty of this paper is discussion of numerical solutions using finite element technique of the steady natural convective Casson fluid flow over an inclined plate in the presence of transverse magnetic field. Also, the study of grid independence of finite element technique is discussed through tabular form. The behaviours of different pertinent parameters on velocity, induced magnetic field, temperature and concentration profiles are discussed in detail.Also skin friction coefficient,Nusselt number and sherwood number are tabulated for their relavent parameters.
2. MATHEMATICAL FORMULATION:
In this problem, we consider the effects of magnetic and viscous dissipation on steady two-dimensional magnetohydrodynamic mixed non-Newonian incompressible Casson and radiative fluid over a vertical plate with induced magnetic field and heat and mass transfer. The coordinate system and the physical model of the problem are shown in For this present research work, we haveassumed the following i. In the fluid region, the plate is taken vertically upward along −  x axis and −  y axis is perpendicularto it.
ii.
It is assumed that the wall of the plate is preserved at an unvarying temperature w T  and concentration w C higher than the ambient temperature   T and concentration   C respectively.
iii. A uniform magnetic field o B is applied perpedicular to the fluid flow. iv.
The magnetic Reynolds number of the flow is not taken to be small and hence the induced magnetic field is not insignificant.
v. The thermal diffusion (Soret) and diffusion thermos (Dufour) effects are neglected due to the concentration of the diffusing species is assumed to be very small in comparison with the other chemical species.
vi. All the fluid properties are assumed to be constant except the effect of the pressure gradient in the body force term.
vii.
There is a first order chemical reaction between the diffusing species and the fluid.
viii. Since the flow is assumed to be in the direction of −  x axis, therefore all the physical quantities are functions of space coordinates in y only.
ix. Consider viscous dissipation in the energy equation.
The rheological equation of state for the Cauchy stress tensor of Casson fluid (Dash et al.(1996) ) is written as
where  is shear stress, 0  is Casson yield stress,  is dynamic viscosity, *  is shear rate, 
Equation of Conservation of Momentum:
Equation of Conservation of Energy:
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Equation of Conservation of Magnetic Induction:
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Species Diffusion Equation:
( )
In case of an optically thin gray gas, the expression for local radiant (Prakash et al.
2014) is given by
It is assumed that the temperature differences within the flow are sufficiently small and that 4 T  may be expressed as a linear function of the temperature. This is obtained by expanding 4 T  in a Taylor series about   T and neglecting the higher order terms,
Using the following non-dimensional quantities (4.15) ( ) with associated initial and boundary conditions
All the symbols are defined in nomenclature, non-dimensional parameters for this boundary layer flow are given by The Skin-frictioncoefficient at the plate, given by
The heat transfer coefficient (Nusselt number), given by
The mass transfer coefficient (Sherwood number), given by
(4.23)
METHOD OF SOLUTION BY FINITE ELEMENT METHOD:
The finite element method is a numerical and computer based technique of solving a variety of practical engineering problems that arise in different fields such as, in heat transfer, fluid mechanics (Srinivasa Raju et al. (2015), Bhargava and Rana (2011), Sheri and Raju (2015), Sheri and Raju (2016), Sivaiah and Raju (2013), Srinivasa Raju et al. (2016)), chemical processing (Lin and Lo (2003)), rigid body dynamics (Dettmer and Peric (2006)), solid mechanics (Hansbo and Hansbo (2003)), and many other fields. It is recognized as the most powerful numerical analysis tool in solving complex problems that arise in engineering.
Because of simplicity and accuracy this method is widely used in the design of engineering models, designing processes and also applied to many number of physical problems. Here, the governing partial differential equations are reduced to matrix form. Then, by describing the geometry of the problem the FEM is analysed with greater flexibility. The descretization of the domain is executed by highly flexible pieces or elements can be easily describe the complex regions. This method follows, by considering the piecewise continuity of the solutions. An excellent description of finite element formulations is available in Bathe (1996) and Reddy (1985) . The steps involved in the finite element analysis areas follows.
Step 1: Discretization of the domain:
In this process, the entire domain of the problem taken into consideration is divided into non overlapping finite number of connected sub-domains called elements and the group of all these elements is known as finite element mesh, such that these subdomains cover the entire region of the problem taken into consideration.
Step 2: Formation of the element equations:
i. The variational formulation of the differential equation is applied on the typical element
An approximate solution of the element equations are generated after the invention of variational formulation over the typical element.
iii. The element matrix is constructed by using the element interpolation functions, which is also known as Stiffness matrix STEP 3: Assembling the element equations:
By imposing the inter element continuity conditions, the algebraic equations are achieved and assembled yielding number of mathematical equations governing the whole domain known to be Global Finite Element model.
Step 4: Imposing the boundary conditions:
The Neumann and Dirichlet's boundary conditions (4.20) are imposed on the above accumulated mathematical equations.
Step 5: solution of assembled equations:
The mathematical equations so obtained are solved by Gauss elimination method, and the final matrix equation is solved by iterative process. For the computation, the value of y is varied from 0 to 9 max = y , where max y is infinity ., .e i away from the momentum, energy and concentration edge layers. The entire domain is divided into a set of 90 line segments of equal width 0.1, each element being two-noded.
Variational formulation:
The variational formulation associated with Eqs. After reducing the non-linearity and order of integration, we arrive at the following system of equations non-linear equations. Gauss elimination iterative procedure is employed to system of equations maintaining the accuracy 0.00005. When the relative error between the consecutive values of the iterations reachesdesired accuracy iterative procedure is stopped, then concluded that we arrive a convergent solution,. The algorithm is executed in MATLAB running on PC. We conclude that this method has excellent convergence.
STUDY OF GRID INDEPENDENCE:
To study the grid independency/dependency,for the different mesh sizes 0.0001 and 0.001, the numerical values for u,B, θ and ϕ are evaluated displayed in table 4.1. From the table, no significant difference between the values of u,B, θ, ϕ corresponding to the grid size 0.01,0.001 and 0.0001 were observed, we conclude that the results of u,B, θ, ϕ are independent of grid size. (4.2)-(4.20). In this study the boundary condition for y → ∞ is replaced by ymax = 9 is a sufficiently large value of y, where the velocity, induced magnetic field, temperature and concentration profiles can be approached to the relevant free stream velocity.
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The variation of numerical values of thermal Grashof number (Gr) on velocity profiles at the boundary layer is as shown in the Figure 4. 2. It is observed that an increase in Gr leads to increase in the fluid velocity due to enhancement in buoyancy force. Here, the positive values of Gr correspond to cooling of the plate. In addition, it is observed that the velocity increases sharply near the wall as Gr increases and then decays to the free stream value. It is observed that the velocity increases sharply near the wall as Gc increases and then decays to the free stream value. As expected, the fluid velocity increases and the peak value becomes more distinctive due to increase in the species buoyancy force represented by Gc. γ Cf 0.001 0.1 0.5 3.26154832 1.000 0.1 0.5 3.28015548 0.001 0.5 0.5 3.27336541 0.001 0.1 1.0 3.20667124 Ec R Pr Nu 0.001 0.1 0.71 0.62334821 1.000 0.1 0.71 0.63955478 0.001 0.5 0.71 0.64388721 0.001 0.1 7.00 0.57661548 which implies that the magnetic diffusion rate exceeds the viscous diffusion rate. As such Prm increases, momentum diffusivity will increase. Therefore, Prm increases from 0.2 to 1.5, the induced magnetic field is found to increase absolutely in the boundary layer 6 0   y , but this trend is opposite for the region 9 6   y . Greater flux reversal arises in the boundary layer region   6 , 0  y and for Prm = 0.2 (magnetic diffusion rate exceeds the viscous diffusion rate); but this trend is reversed for the region   9 , 6  y . 
